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Abstract
Relativistic effects in the non-resonant two-photon K-shell ionization of neutral atoms
are studied theoretically within the framework of second-order perturbation theory. The
non-relativistic results are compared with the relativistic calculations in the dipole and no-
pair approximations as well as with the complete relativistic approach. The calculations are
performed in both velocity and length gauges. Our results show a significant decrease of
the total cross section for heavy atoms as compared to the non-relativistic treatment, which
is mainly due to the relativistic wavefunction contraction. The effects of higher multipoles
and negative continuum energy states counteract the relativistic contraction contribution,
but are generally much weaker. While the effects beyond the dipole approximation are
equally important in both gauges, the inclusion of negative continuum energy states visibly
contributes to the total cross section only in the velocity gauge.
1 Introduction
The understanding of the limitations of non-relativistic theory applied to light-matter interaction
has been of interest for many years. However, although theoretical studies were carried out,
the experimental possibilities to verify the theoretical predictions were limited by the photon
sources to low energies. This restriction has been overcome by the development of free electron
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lasers (FEL), which enable the production of intense photon beams with ultraviolet and x-ray
energies [1]. With such high-energy photon sources, the ionization of inner-shell electrons
has become possible, and hence deep understanding of the theoretical approaches and their
limitations is now required. Over the years, the one-photon one-electron ionization has become
a well-studied process (see e.g. Refs. [2–4] and references therein). Furthermore, an extensive
study of the sequential two-photon double ionization [7–10] as well as general multiphoton
single ionization (e.g. [5, 6] and references therein) have also been carried out. However, not
much attention has been paid to (non-resonant) two-photon single-ionization of any general
neutral atom. Two-photon ionization (TPI) of a single electron is one of the fundamental non-
linear processes in the light-matter interaction, which offers different selection rules and the
possibility of ionization of heavier atoms in comparison to the one-photon ionization.
The first TPI experiments utilizing the FEL facilities were carried for the ionization of the
4d electron of neutral Xe atom [11], 1s electrons of Ne8+ ion [12] and He atom [13]. In all of
these experiments, either an electron or an ion spectrometer was used to detect the TPI process.
However, in the K-shell ionization of neutral atoms, these detection techniques may not be
convenient due to the small cross sections of TPI. More promising method to study the TPI
process is to detect theK-fluorescence photons, which serve as a direct signature of theK-shell
vacancy. This experimental approach has been utilized in the measurements of theK-shell TPI
of neutral Ge [14], Zr [15], and Cu [16] atoms.
Theoretically, TPI was studied in detail already 50 years ago, when the first non-relativistic
calculations of the TPI cross section of atomic hydrogen were carried out and presented together
with the well-known Z−6 scaling law (Z is the nuclear charge number) for any other hydrogen-
like ion [17]. However, it was shown later [18–20], that a rather essential deviation from the
scaling law occurs due to the relativistic effects. Recently, the retardation effects in the above-
threshold TPI of low-Z hydrogenlike ions were also investigated in Refs. [21, 22]. Although
a significant difference from the scaling law was found for hydrogenlike ions, no systematic
study has been performed for the TPI of neutral atoms until now. In our recent work [23], we
have shown that the screening potential created by the electrons of the neutral atom leads to a
minimum in the non-resonant TPI cross section near the ionization threshold, which is absent
for hydrogenlike ions. Moreover, we have investigated the deviation from the scaling law due
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to both the screening as well as relativistic effects. It is the purpose of this work to go a step
further and explicitly separate the individual contributions of relativistic effects and enumerate
their corresponding strengths.
In Sec. 2, we present a brief description of the applied theoretical formalism. Section 3
discusses the importance of relativistic effects; relativistic wavefunction contraction, inclusion
of higher multipoles, and summation over the negative continuum energy states. Finally, a
summary is given in Sec. 4. Relativistic units (h¯ = c = m = 1) are used throughout the paper,
unless stated otherwise.
2 Theory
We shall not provide a detailed derivation of the total cross section which is presented already
in Ref. [23], but restrict only to the formulae needed for general understanding and further
discussion. Let us consider the non-resonant two-photon one-electron ionization process, where
the two photons are assumed to be identical, i.e. with equal wave and polarization vectors k
and εˆλ, respectively. This corresponds to the most common experimental setup, where the two
photons originate from the same source. This process can be expressed as
|αiJiMi〉+ 2γ(k, εˆλ)→ |αfJfMf 〉+ |peme〉 , (1)
where the atom is initially in the many-electron state |αiJiMi〉 with the total angular momen-
tum Ji, its projection Mi, and where αi denotes all further quantum numbers necessary for
unique characterization of the state. After simultaneous absorption of two identical photons
γ(k, εˆλ) with energies ω = k/|k|, the system consists of a singly charged ion |αfJfMf〉
with quantum numbers αf , Jf ,Mf characterizing the final state and a free electron in a state
|peme〉 with well-defined asymptotic momentum pe and a spin projection me. Using the
density matrix theory, we can describe the final state of our system, in terms of the density
matrices of the initial system 〈αiJiMi,kλ1kλ2 |ρˆ|αiJiM ′i ,kλ′1kλ′2〉 and the transition ampli-
tude Mλ1λ2JiMiJfMfme , which describes the electron-photon interaction. As the atom and the
incident radiation are initially independent, the initial-state density matrix can be written as
〈αiJiMi,kλ1kλ2 |ρˆ|αiJiM ′i ,kλ′1kλ′2〉 = 〈kλ1 |ρˆγ|kλ′1〉 〈kλ2 |ρˆγ |kλ′2〉 〈αiJiMi |ρˆi|αiJiM ′i〉.
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Under the assumption of an initially unpolarized neutral atom, the corresponding density matrix
simplifies to 〈αiJiMi |ρˆi|αiJiM ′i〉 = 1/[Ji]δMiM ′i . The trace of the final density matrix gives us
the TPI cross section
σ(ω) =
32pi5α2
ω2
∑
λ1λ2λ
′
1
λ′
2
〈kλ1 |ρˆγ |kλ′1〉 〈kλ2 |ρˆγ |kλ′2〉 (2)
× 1
[Ji]
∑
JfMfMime
∫
dΩpˆeM
λ1λ2
JiMiJfMfme
M
λ′
1
λ′
2
∗
JiMiJfMfme
=
32pi5α2
ω2
∑
λ1λ2λ
′
1
λ′
2
〈kλ1 |ρˆγ |kλ′1〉 〈kλ2 |ρˆγ |kλ′2〉
∑
majlmj
T λ1λ2majlmjT
λ′
1
λ′
2
∗
majlmj
,
where we presumed that the photoelectrons are detected in 4pi solid angle but their polariza-
tion is not observed, therefore we integrated over the directions of the emitted electron Ωpˆe
and summed over the spin projection me. As the final state of the ion is not observed, sum-
mations over Jf and Mf have been carried out as well. The photon helicity density matrices
〈kλ |ρˆγ|kλ′〉 allow us to conveniently parametrize the polarization of the photons by means
of the linear (P1, P2) and circular (P3) Stokes parameters. The second equality in Eq. (2) ex-
presses the total cross section in terms of so called angle-reduced transition amplitude T λ1λ2majlmj
which comes from further simplifications of the general many-electron transition amplitude
Mλ1λ2JiMiJfMfme within independent-particle approximation. The general amplitude can be repre-
sented in second-order perturbation theory as
Mλ1λ2JiMiJfMfme =
∫∑
ν
〈
αfJfMf ,peme
∣∣∣Rˆ(k, εˆλ)
∣∣∣ανJνMν
〉 〈
ανJνMν
∣∣∣Rˆ(k, εˆλ)
∣∣∣αiJiMi
〉
Ei + ω − Eν , (3)
where Rˆ(k, εˆλ) is the one-particle transition operator, Ei and Eν are the energies of the ini-
tial and intermediate many-electron states. We can simplify this expression by applying the
independent-particle approximation and the particle-hole formalism. In this framework, we can
describe the TPI process as follows. The simultaneous absorption of the two photons by the
neutral atom ejects an electron from an atomic subshell |najalama〉 via virtual intermediate
state |nnjnlnmn〉 into a continuum state |peme〉, leaving a hole (or vacancy) behind. The n, j, l,
and m describe the one-electron principle, total angular momentum, orbital angular momen-
tum, and projection of the total angular momentum quantum numbers, respectively. According
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to the particle-hole formalism, the final ionized state of the atom can be described by applying
the hole creation operator to the initial state and coupling the corresponding angular momenta.
By carrying out this simplification, the many-electron transition amplitude simplifies to an am-
plitude depending only on the one-electron wavefunctions of the active electron. Furthermore,
we expand the continuum electron wavefunction into partial waves and carry out the multi-
pole expansion of the photon wavefunction. Then, using the Wigner-Eckart theorem, we obtain
an expression depending on the reduced matrix elements, which describe the electron-photon
interaction independently of the magnetic quantum numbersma, mn, and me. Finally, the sec-
ond expression of the total cross section (2) was obtained by carrying out the integration over
the 4pi solid angle Ωpˆe and the summation over electron spin projection me. By performing
all the above steps, the angle-reduced transition amplitude from Eq. (2) can be written in the
independent-particle approximation as follows
T λ1λ2majlmj =
∑
p1J1
∑
p2J2
∑
nnjnlnmn
iJ1−p1+J2−p2
√√√√ [J1, J2]
[jn, ja]
(−λ1)p1(−λ2)p2 (4)
× (−1)j−mj 〈j,mj , J1,−λ1 | jn, mn〉 〈jn, mn, J2,−λ2 | ja, ma〉
×
〈
εejl
∥∥∥α · a(p1)J1
∥∥∥nnjnln
〉 〈
nnjnln
∥∥∥α · a(p2)J2
∥∥∥najala
〉
Enajala + ω − Ennjnln
,
where [J ] = 2J +1, 〈.... | ..〉 represents a Clebsch-Gordan coefficient, εe is the electron energy,
j, l, and mj are the angular momentum quantum numbers of the continuum electron, J andM
are the quantum numbers of the photon multipoles and the index p describes the electric (p = 1)
and magnetic (p = 0) components of the photon wavefunction. Note, that the angle-reduced
transition amplitude T λ1λ2majlmj is completely independent of the many-electron state quantum
numbers. A more general expression of the transition amplitude for the two-photon ionization
can be found in Ref. [23].
The results presented in the following section are obtained by solving the Dirac equation
with Core-Hartree screening potential. In Ref. [23], we have shown that there is no signifi-
cant dependence of the total cross section nor the relativistic effects on the choice of screening
potential. However, we also showed, that the account for the other electrons can lead to a
strong decrease of the dominant ionization channel. The electron correlations in radiative tran-
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sitions have also been studied e.g. in [24–26]. To sum over the infinite number of intermediate
states, finite basis set [27] constructed from B-splines by applying the dual-kinetic-balance ap-
proach [28] is employed. This approach has been previously successfully applied, for example,
in the calculations of two-photon decay rates [29, 30] and Rayleigh scattering [31] in helium-
like ions . The continuum-state wavefunctions are obtained numerically by solving the Dirac
equation with the help of the RADIAL package [32].
3 Results and discussion
Calculations of the TPI cross section can be further performed within different approximations
in order to investigate the importance of various effects. Each of the approximations can be un-
derstood as a certain simplification of Eq. (4). First, in order to study the effects of higher-order
multipoles, we restrict the infinite summations over the multipoles pJ to p = 1 (electric) and
J = 1 (dipole) terms only. This approximation is known as the dipole approximation (DA), and
we denote the corresponding cross section as σDA. Moreover, the summation in Eq. (4) over
the virtual intermediate states |nnjnlnmn〉 runs over the complete (positive and negative) energy
spectrum. The presence of negative-energy states in the sum corresponds to the process with
creation of a positron in the intermediate state. Thus, in order to enumerate the contribution
from this process, we, in addition to the DA, restrict summation over the intermediate states
to the positive energy states only. We refer to this calculation as dipole and no-pair approx-
imations (DA + NPA), and denote the corresponding cross section as σDA+NPA. Finally, we
consider also the non-relativistic limit (NR) of Eq. (4). For this, we employ the wavefunctions
which are the solutions of the Scho¨dinger equation and replace interaction operators α · a(p)J
by its non-relativistic limit ωr/
√
6pi and also set p1 = p2 = 1 and J1 = J2 = 1. The corre-
sponding cross section is denoted as σNR. If, however, no approximation is made, i.e., the Dirac
equation is used to obtain the electron wavefunctions, summation over the intermediate states
runs over both positive and negative energy states, and all multipoles are taken into account, we
refer to such calculations as ”Exact”, and we write the cross sections as σExact. Actually, the
multipole summation is restricted to Jmax = 5, which is sufficient to obtain convergence of the
corresponding total cross section at less than 0.001% level.
Figure 1 presents the total non-resonant K-shell TPI cross section as function of excess
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(a) Velocity gauge (b) Length gauge
Figure 1: Total non-resonant K-shell two-photon ionzation cross section σ as a function of
excess energy within different approximations; exact relativistic σExact (solid black), dipole
σDA (long-dashed green), dipole + no-pair σDA+NPA (short-dashed blue), and non-relativistic
σNR (dot-dashed red). The calculations are carried out in (a) velocity (left column) and (b)
length (right column) gauges for ionization of neutral germanium, xenon, and uranium atoms.
energy for the ionization of neutral Ge, Xe, and U atoms by linearly polarized light. Excess
energy is the combined two-photon energy in units of the ionization threshold energy Ebind,
i.e., ε = 2ω/Ebind. The minima in the total cross sections (see Fig. 1) in near-threshold en-
ergies occur as consequences of screening effects. For more details, we refer the reader to our
previous work [23]. Here, we compare the total cross section values within various approxi-
mations and see that the major difference is present between σNR and all other approximations.
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(a) Velocity gauge (b) Length gauge
Figure 2: The cross section ratio as a function of nuclear charge; σNR/σExact (solid black),
σNR/σDA (long-dashed green), and σNR/σDA+NPA (short-dashed blue) in (a) velocity and (b)
length gauges. The results correspond to ε = 1.40 excess energy.
The reason for this is that the Dirac wavefunctions have been used in all calculations, except
the NR one, and solving the Dirac equation results in a contraction of the electron wavefunc-
tion. As a consequence of this contraction, the total TPI cross section is significantly lower
in the relativistic description. We would expect that the decrease of the exact calculation (in
comparison to the NR limit) should be ”stronger” with increasing nuclear charge and photon
energy. However, while it is true that the cross section drop increases with nuclear charge, it
slowly decreases with energy. This is due to the higher multipole (beyond DA) effects, which
open further channels for the ionization. As it is clear from Fig. 1, the cross section values in
DA coincide with the exact calculation for near threshold energies, however, the ”strength” of
multipole effects increases with energy and counteracts the cross section decrease due to wave-
function contraction. Thus, in the exact calculation, the ”strength” of the overall relativistic
effects slowly decreases with energy. We can see that this is the case both in velocity as well as
length gauges. The gauge-independence does not hold any longer for the NPA. Our results show
that DA+NPA calculations result in a decrease of the total cross section values in the velocity
gauge, while in the length gauge they result only in negligible effect (less than 0.05%). Thus,
the negative continuum energy effects are only essential in the velocity gauge, where they lead
to an increase of the cross section by up to 10% as compared to the length gauge. The strong
gauge-dependence of negative continuum energy effects has been previously also reported for
the case of two-photon bound-bound transitions in hydrogenlike ions [33, 34].
In order to enumerate the importance of relativistic effects as a function of nuclear charge,
we compare the calculations discussed above to the non-relativistic approximation, by intro-
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ducing the ratio σNR/σ, where σ represents a relativistic evaluation either in DA, DA+NPA,
or the exact calculation. Figure 2 presents such ratios as a function of nuclear charge in both
velocity and length gauges. This figure displays explicitly that all relativistic effects increase
with nuclear charge, and it also shows that the negative continuum effects result in no signif-
icant effect in the length gauge across all nuclear charges. In general, the figure demonstrates
the importance of relativistic effects, as a result, we stress that in order to obtain an agreement
with future experiment, the relativistic effects need to be taken account for heavier atoms, for
which the cross section drops by up to a factor 3 in comparison to the nonrelativistic prediction.
Our results are in a good agreement with available experimental data in the designated energy
range [14, 15], see [23] for more elaborative comparison.
4 Summary
In summary, relativistic calculations of the total non-resonant K-shell two-photon ionization
have been performed. These results have been compared to calculations in three different ap-
proximations; dipole, no-pair, and non-relativistic. It has been shown that the importance of
inclusion of the relativistic effects grows with increasing nuclear charge and the main contribu-
tion to the effects arises from the relativistic wavefunction contraction. The contributions from
higher multipoles and negative continuum energy states increase the cross section, however,
they are generally much smaller than the relativistic contraction.
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